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C. An Explanation of the Flow Chart (Figure 6)
1. Purpose of the Fiow Chart

The purpose of this flow chart is to describe an algorithm in which we delete all the arcs and
reduce the graph to one without arcs, while keeping close track of all the numbers of nodes,
arcs, tegions, and components. At each stage, we will show that n— a + r— ¢ does not
change. Attheend, n—a+r-~c=1, and so n- a+ r- cwas always 1, as claimed, thus
establishing the conclusion of the Theorem. At each stage on the flow chart, when these
variables change, it is shown exactly how they change. We will refer to the statemenits in
Subsection B in order to justify all the steps of the flow chart.

2. Starting the Flow Chart

In order to start this algorithm, we must first list all the arcs. There is no specific order that they
must be in; the listing is arbitrary. if there are no arcs, Step 2 leads to the stopping condition.
If there is an arc or arcs, then we choose the first arc in the list. Steps 4 and 6 will prevent an
infinite repetition of the loop, as proved in Subsection B, Subsubsection 3: there will always
be at least a terminal arc or a cycle. We will find a terminal arc or an arc that is part of a cycle,
even if we have to run through the entire list.

3. Deleting Arcs in Cycles (Step 5)

If the arc is in a cycle, we delete it. This, as shown in Subsection B, Subsubsection 1, will
decrease the number of arcs by one and decrease the number of regions by one. Thus,
n — a+ r—cis unchanged.

4, Deleting Terminal Arcs (Step 8)

if the arc is a terminal arc, i.e, one that is connected to a terminal node, then we delete it here.
This, as shown in Subsection B, Subsubsection 2, will decrease the number of arcs by one
and increase the number of components by one. Thus, n —a + r— cis unchanged. When
there are no more terminal arcs and no more arcs that are in cycles, then there are no more
arcs at all, as observed above. This leads to the stopping condition.

8. The Stopping Condition (Step 9)

When there are no more arcs on the list, we come to the stopping condition. Since the
number of arcs is finite, we will always reach this point. The values for n, a, r, and c at this
point were arrived at as follows:

a. n=cbecause there are no more arcs. Each single node makes up a component, so
the number of nodes is equal to the number of components.

b. a = 0 by definition.

c. r= 1. The graph is now only nodes, and as shown in Subsection B,
Subsubsection 4, there is therefore only one region.
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Thus, n—a+ r~c=1as noted.

VI. Applications

So we've proved Euler's Formula. Whatis it good for?
A. The Posslbllities for a Soccerball

A soccerball has an interesting shape. It is composed entirely of regular hexagons and
regular pentagons. If this is the only restriction on building a soccerball, what do we know
about the soccerball?

Let p be the number of pentagons in the soccerball, and lel h be the number of hexagons.
Then we have (since each vertex must be on three faces):

3v =5p+6h
2e =5p +6h
f =p+h

v — e+ =2 (Eulers Formula)

When we work this out, we get
p= 12

Thus, on any soccerball there must be 12 pentagons. Unforlunately, Euler's Formula tells us
nothing about the number of hexagons.

What if the restriction is added that at each corner the same number of hexagons meet?

Then we have:

For two hexagons per vertex
6h=2v 5p=v
or, v=60 and h=20 — a standard soccerball.

For one hexagon per vertex
6h=v 5p=2v
or, v=30and =5 — aninteresting idea, but an impossible shape.

For no hexagons per vertex
h=0 5p=3v
or, =20 - aregular dodecahedron.

B. Regular Polyhedra

Euler's Formula also gives us insight into the types of regular polyhedra.
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A regular polyhedron has all faces congruent to the same regular polygon, and has the same
number of faces meeting at each vertex. For the faces of a regular polyhedron, we may
choose any regular polygon with fewer than six sides, for the interior angles of regular
polygons with more than fives sides are too large to fit three around a vertex.

Let the faces of the polyhedron be n-gons, k of which meet at every vertex. Then we have:

kv=11
=1
v—-oe+f=2
k23.

When we plug in values for n from 3 to 5§ and solve for integers, we find the following
possibilities:

These are therefore the only possible regular polyhedra.

Vil. Other Surfaces

Euler's Formula can be extended to surfaces other than convex polyhedra, but proofs are
more difficult. Dimpled polyhedra, toroids, and handle bodies are a few such solids
that satisfy a slightly altered form of the formula. Dimpled polyhedra are non-convex
polyhedra that are topologically equivalent to convex polyhedra. One can be transformed
into the other without changing the validity of Euler's Formula by adding faces through
triangulation and moving vertices and their respective edges to alternate positions that retain
the combinatorial arrangement of the faces of the object. A handle body is a sphere that
has had faces extended to form “handles.” Torolds are surfaces that possess a single
handle. For many of these different surfaces, a greater understanding and background in
topology is necessary to formalize and describe in detail the proofs of the respeclive forms of
Euler's Formula. However, one can sketch the process through which one would approach a
proof.

The dimpled polyhedron is a surface that has the Eulerian property of a convex polyhedron.
By “morphing” the shape appropriately, one can obtain a convex polyhedron, and
subsequently one may prove Euler's Formula in any of the aforementioned ways and extend
the resull to the dimpled polyhedron.

The toroid is a more difficult case. Euler’s Formula is changed from the standard

v-0+[=2
to

v-0+f=0.
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One may illustrate by an example.
Figure 7 depicts the simplest
toroid. It is seen that this toroid
has nine vertices, eighleén
edges, and nine faces. Thus,

v-0+1=9-18+9=0.

To prove the general case,
several approaches may be
employed, each of which have
difficulties that require solutions
too elaborate to detail at this level,

but the basic procedure may be
outlined. Figure 7: The Simplest Toroid

One may modify a regular polyhedron to obtain a torus, or vice versa, and determine how the
Euler characleristic (the constant of the equality: in the case of the torus, 0) is changed in the
process. One may also use graph theory, scissors, or face assembly in ways similar to the
method used in proving Euler's Formula for a convex polyhedron,

One method of forming a toroid from a polyhedron is extension, in which two faces are
triangulated, extended, fused in a loop, and re-molded into a different toroid through
triangulation, deletion, etc. (see Figure 8 on the following page). This is also the procedure
used in forming a simple handle body. In fusing an n-gon, n vertices are lost (Av), nedges are
lost {(Ae), and 2 faces are lost (Af). The original body satisfied Euler's Formula, and thus the
change in Eulerian character is

Av—-AB+Af = -n-(-N-2 = -2,
Adding the change to the original Euler's Formula yields
(v+AV)—~(e+ A8 +(+Af) = 2+(-2) = 0.

Thus, for this toroid,

v-e+1=0,

Unlortunately, one must also prove that any given toroid can be formed by this technique,
and this is a difficult step without extensive knowledge of topology.

Other procedures used to prove Euler's Formula for general polyhedra will not be described
here, but other approaches include punching holes in a polyhedron, cutting a handle body
to obtain a polyhedron, and slicing the handle body into prismoids (Figures 9a and 9b on the
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following page). The generalization obtained yields the following formula, where h is the
number of handles in the handle-body:

v-e+f = 2-2h
VIll. Conclusion

In conclusion, Euler's Formula can be proved in many ways. Each method we used had both
advantages and disadvantages. The scissor cutting and face assembly methods were the
most intuitive, but these proofs yielded no easy generalizations to structures other than
3-dimensional polyhedra. While the prismoid proof may have been less easy to visualize, it
yields a generalization of Euler's Formula in many dimensions relatively easily. The graph
theory proof yields a result for general graphs on a sphere, which might then be applied to
other problems, such as the five-color theorem. This proof might be generalized to prove
Euler's formula for other surfaces, but that is beyond the scope of this paper.

Figure 8: Forming a Toroid from a Polyhedron Through Extenslon



Journal of the PGSS Euler's Formula Page 196

9a. 9b.

Figure 9: Proving Euler's Formuia for Other Surfaces by
9a) punching holes and b) slicing into prismoids
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Construction of a Beta Spectrometer
Kristina Keener, Brandon Kohrt, William Penn
Abstract

Beta decay and similar actions require a method of study to better
understand the distribution of energy in the process. Beta spectroscopy is
one way of studying this energy. This project entailed contructioning an
instrument that would take these readings. By combing research into
magnetics, subatomic structures, and radioacive decays, this group
designed and constructed a workable system that could practically study
electron energy after radioactive decay. This physics team project
contructed a beta spetrometer.

I. Introduction

A common transformation in nature is radioactive decay. Four general kinds of nuclear
radiation exist. They are: neutron emission (n°), alpha particle emission (o), beta particle
emission{f), and gamma ray emission(y). The beta spectrometer project focuses on the
behavior of §§ particles in a magnetic field in order to determine the pariicle’s energy.

Two sources of B particles were used: one, Strontium; the other, Bismuth. Strontium goes
through true p decay. B decay involves, in general, the breakdown of a neutron into a
proton, a B particle (high energy electron), and an antineutrino. Neutrinos are subatomic
particles of the same family as electrons and muons; the neutrino is a particle with a
predicted mass hundreds of times smaller than that of the electron. The proton of p decay is
held in the nucleus, while the atom shoots out the p particle and antineutrino. These two
exiting particles contain nearly all of the mass and energy lost in the decay; the ratio of
energy need not be constant, in fact in true B decay there is always a broad band of energies.

Il. Procedure
A. Optics Geometry

1. Attenuation ot Electrons

The attenuation of electrons in air was tested to determine the size specifications for the
spectrometer. The source used was Cesium-137, a source encased in plastic. The source
was placed against the detector, and radioactive particle counts were taken for one minute.
Then the detector was moved one centimeter away from the source, and another one
minute count was taken, This process was repeated until the count reached the background
count. The attenuation of electrons used was eighteen centimeters. The plastic casing
of the Cesium source was later found to block all the electrons so that the attenuation
of electrons in air was really the attenuation of soft x-rays. The scientists did not have
enough time to rerun the attenuation scale with another source, and this data became
unimportant.
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The attenuation of electrons in plastic was also tested. The Cesium-137 source was placed
in the detector at the normal distance, and a count was laken for one minute. Then a plastic
sheet with density of 0.01431 g/cm2 was placed between the source and the delector, and
another one minute count was taken. This process was repealed for eight plastic sheets,
then 0.294 g/cm? dense sheets were used. The graph was supposed to have a drastic
slope with a kink in it resulting in a relatively flat slope. The kink is where the electrons
become completely stopped by the plastic, and the detector is only picking up gamma rays.
The graph gave no change in slope because the plastic casing of the Cesium-137 stopped
all the electrons. The results concerning the casing of the Cesium-137 aided in the
construction of the collimator for the detectlor.

2. Geomelry of Optics

The source was placed in a lead collimator, measuring 5.9 cm across with a hole of length
3.3 cm and diameter 0.5 cm. The f particles shot through the collimator spreading out with
aboul a four degree angle until reaching the magnetic field. The collimator was placed one
centimeter from the magnetic field, which measured 4.0 ¢cm by 4.0 cm, to comply with
possible limitations due to attenuation of electrons in air. A 90 degree angle of eleciron
deflection was assumed for the sake of simplicity. Circles tangent to the path of the
electrons as they entered the magnetic field at the +4 deg., -4 deg., and 0 deg. angle from
the collimator were drawn. Then the tangent lines to the three circles where they left the
magnetic field were drawn. The focus of the three lines was found and the detector was
placed there. The angle at the focus was found to be 20 deg., and the collimator was
constructed to allow the electrons to follow their natural path to the detector. The collimator
had a hole .25 ¢cm. in diameter, .6 cm. in length, and adjoining it, a hole .3 cm. in length.
Therefore it allowed only the electrons at the focus to enter the detector. (Refer to Figure 1.)

33cm
Cross Section
of the 40cm
Collimator
2.7¢cm Megnat

1.0 cm!

i \
Source e

7 400m
05¢m \
2.70om \

t.0cm

Datactor

Figure 1: Geometry of Optics
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B. Set-up of Spectrometer

The power source was connected to the current meter and the electromagnet. The cumrent
meter also connected to the electromagnet. The detector was placed one centimeter away
from the magnet and centered in the field. it was then connected to the counter. The lead
collimator with the source was placed one centimeler away from the magnetic field at a
90 degree angle to the detector. The whole system was then shielded with lead bricks.

C. Operation of the Spectrometer

The readings were taken from the spectrometer by counting the radiation that hits the
counter at different magnetic field strengths. The magnelic field was varied by about .2
Amps between each radiation count. The counts were carried out for five minutes. At the
end the drift in current was recorded. Later all the data recieved was graphed for
interpretation and taking resutts.

. Theory

Beta decay is the key action that leads toward the contruclion of a beta spectrometer. Beta
decay occurs when the subatomic structure of a neutron or proton is not is in its most stable
condition. Protons and neutrons each consist of three quarks. Protons are formed by two
up quarks and one down quark. Neutrons are two down quarks and one up quark. In cerlain
elements some quarks are not comfortable in the neutron configuration and decay to the
proton configuration. One of the down quarks transforms to an up quark in order to reside in
a more comforlable rest energy. However, this reaction cannot occur this simply. The rest
mass of a neutron is higher than that of a proton. From this we can determine that the total
energy of the neutron is higher as well. Therefore in order for the transaction to occur
something must account for that exlira energy. That is where beta decay comes in. As the
particle transforms, it ejects an electron and neutrino. The energy of these particles is what
we are looking for in a beta spectromelter.

Beta decay is not the only reaction that is detectable in a beta spectrometer. The opposite
reaction also produces results, Electron capture takes place when a proton sucks in an
electron and undergoes the transformation. Itis practically the same process as beta decay
in reverse. The up quark mutates to a down quark. The proton sucks in an electron. The
proton now has more energy and a higher mass and is now a neutron. 1f this were the only
action to take place no elactrons would be ejected and therefore nothing would be
detectable. However, electron capture does not stop here. After the electron is sucked in
the atom attempts to gain stability. In the process of gaining stability, the atom gives off
gamma rays. The gamma rays have so much energy that if they collide with an elctron on the
way out, they will knock that electron out. This process of the electron being knocked out
makes it detectable in our beta spectrometer.

For our experiments, Bismuth-207 was our example of electron capture and Strontium-90
represented true beta decay. The bismuth atiracted an extra electron into the nucleus. The




Page 202 Keener, Kohrt, Penn

extra elctron gave it enough energy for one quark to change from down to up and change a
proton to a neutron, With the exira neutron and one less proton the element could no
longer exist as bismuth and became an isotope of lead. The new isotope is not always the
base stale of an isotope of lead. In some transactions, the atom must eject a y ray that carmies
off an electron of a certain energy to enter the base state. If the energies are graphed, one
can locate the different fransactions and the amount of energy used in them. This is how
bismuth is used in the beta spectrometer.

When an electron and neutrino are thrown out of an atom during beta decay, they have a
cerlain energy. Although their individual kinetic energy varies, their component kinetic
energy is always the same. As the neutrino energy increases, the electron must decrease in
energy, and vice versa. This accounts for the differrent energies that are received in a
spectrometry reading. As strontium decays, it not only gives off one set of different energy
electrons, but two. The reason for this is the fact that the stable condition strontium wants to
reach is not one, but two transactions away. Stronium must first deacy to Ytirium and then to
the slable condition as Zirconium. This resulls in iwo sets of varying energies.

V. Resuits

The crucial process of measuring the magnelic field at different energies gave the first
results. At lower energies, below 5.75 Amps of current at a field strength of 3500 Gauss,
the magnet performed linearly. As the field increased above 3500 Gauss the plot began to
bend. (Refer to Figure 2.) At the high field strength the iron poles of the magnet began to
become saturated; this saturation would continue, if enough current was applied, and
eventually produce a plateau. Then, when the power was lowered the field strength would
stay at maximum, and then move down and return to the curve for the increasing magnetic
field; this is called the Hysteresis effect.

The Strontium source produced unexpected results. The band of electrons was wider than
was expected. The cause of this wide band was hidden in the decay scheme of Strontium:
First 90Sy B decays into 90Y,, this decay has a half life of 28.1 years; the next decay is 90Y to
90z, characterized by a § particle emission and half life of 64 hours. The two bands overlap,
with the Y decay contains more counts, and covers a range that goes higher than the Sr
decay band; Y shows this behavior because of its quick and energetic decay. The beginning
of the peaks should be about the same because this represents the minimum energy for the
escaping B particle, which is essentially the same for any true p decay. The difference comes
in the cut off energy; since the energy difference batween 20Sr and 90Y is less than the
energy difference between the 980y and stable 90Zr the highest possible §§ particle energy
for 80Sr decay is less than that of 90Y; the 90Y spectrum stretches over the 90Sr spectrum;
therefore, the observed spectrum is that of 90Y. The two decays stay in equilibrium with the
decay rates of decay being relatively equal; this action stems from the short half life of 90y,
because of this short hall-lite, the 90Y nearly completely decays immediately after the 90y
decays into 90Y, The data for the 90Sr source was interpreted to find the cut off energy.
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From Figure 3 it can be read that the current to the magnet was 6.8 Amps, this transfers, via
the magnetic field graph (Figure 2), to 3780 Gauss. The remaining part of finding the energy
consists of the calculations on the following page:
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First the momentum of the electron must be calculated:

p = (3x10-4)Br p=momentum in MeV/c B=Magnetic Field in Gauss

r=radius of curvature of the electron deflection in cm
p = (3x10"4) x 3780 Gauss x 2 cm
p = 2.268 MeV/c - this is the momentum of the electrons at the maximum energy level
Next, the kinetic energy of the electron can be calculated:
Etotal = Eken + Erest Eken = kinetic energy Erest = rest energy or me2

Etotal® = p2c2 + m2c*  For electrons m2¢c4 = (511 MeV)2

p202 can be simplified to just p2 because the value used for p is over ¢

Etotal? = p2 + (511 MeV)2
Eken = Etotal - Erest  this is simply a transformation of the original equation

Eken = (P2 + (511 MeV)2) V2. 511 MeV

Inserting the values for the 90g; curve:

Eken = ((2.268 MeV)2 + (511 MeV)2)1/2 - 511 MeV
Eken = 1.81 MeV

The value calculated for Eken is different from the expected value of 2.27 MeV; this
discrepancy will be accounted for later with the correction factor.

Bismuth also produced a strange graph, but this was expected. Two peaks were present,
resulting from the decay scheme. Bi207 electron captures to an excited state of lead. This
slate decays to another excited state of lead by the emission of a y ray that carries away an
electron from the part of the electron cloud inside the nucleus. This is followed by a simitar
second decay that represents a smaller energy transition, and a lower kinetic energy
electron, The first transition forms the #2 peak on Figure 4 on the following page and the
second produces the #1 peak. The way the electron is carried out is by ionization; the y ray
strikes an electron, inducing it with enough energy to exit the atom. In each decay the
electrons carry away a specilic energy, this is a result of the fact that the y rays given off by
the decays are specific, and electrons induced with a specific energy will end up with a
specific energy. In other word the bismuth source produces a line spectrum with these two
bands of electron energies; this property allows the calculation of the spectrometer's
resolution. The resolution is equivalent to the width at half the maximum counts.
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Figure 4: Spectrum of Bismuth 207

The following calculations were used:
Poak #1:
Momentum of Electrons at peak:
p = (3x10"4)Br
p = (3x10'4) (1105 Gauss) (2 cm)
p = .663 MeV/c
Kinetic energy at peak:
Eken = (P2 + (511 MeV))1/2 . 511 MeV
Eken = ({663 MeV)2 + (511 MeV)2)1/2. 511 MeV
Eken = .326 KeV
Resoflution:
Momentum:
Positive - p = (3x10'4) {1260 Gauss) (2 cm)
p = .756 MeV/c
Negative - p = (3x10‘4) (1000 Gauss) (2 cm)
p=.6MeV/ic
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Kinetic Energy:

Positive - Eken = ((.756MeV)2 + (511 MeV)2)1/2 . 511 MeV
Eken = .402
Negative - Eken = ((.6MeV)2 + (511 MeV)2)1/2.. 511 MeV
Eken = .277MaV
Calculating Percent:

+ difference = + .076 MeV
- difference = - .049 MeV

Resolution = 1 .076 MeV The higher number is taken to avoid under estimation,

Percent difference - .076/.326 = 23.3%

This percentage is not accurate because at the half maximum point on Peak #1 there was
distortion from Peak #2.

Peak #2:

Momentum of Electrons at peak:

p = (3x104Br
p = (3x10"4) (1830 Gauss) (2 cm)
p =.700 MeV/c
Kinetic energy at peak:
Eken = (p2 + (511 MeV)2) /2. 511 MeV
Eken = ((.700 MeV)2 + (511 MeV)2) /2. 511 MeV
Eken = 1.81 KeV

Resolution:
Momentum:
Positive - p = (3x10"4) (1960 Gauss) (2 cm)
p=1.176 MeV/c
Negative - p = (3x10°4) (1680 Gauss) (2 cm)
p =1.008 MeV/c
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Kinetic Energy:
Posilive - Exen = ((1.176MeV)2 + (511 MeV)2)1/2 . 511 MeV
Eken =771

Negative - Eken = ((1.008MeV)? + (511 MeV)?) /2. 511 MeV
Eken = .619MeV

Calculating Percent:
+ difference = + .071 MeV
- difference = - .081 MeV

Resolution = + .081 MeV  The higher number is taken to avoid under estimation.

Percent difference - .081/.7 = 11.6%
The final resolution, and predicted accuracy for the § spectrometer constructed was 11.6 %.

All the data collected was slightly off from the expected. These discrepancies were probably
produced by the “fringing field,” the magnelic field outside of the magnet poles. The
discrepancy seemed to change directly with the magnetic field, and of course was changed
directly with the change in the expecled values, Because of these relations the following
proportionality could be drawn:

Emeasured oc Eco"ec[ed xB B= Magnelic Field
With a constant added an equation is created.
Emeasured = Ct Ecorrected X B Ct = The correction factor

Ct = Emeasured/Ecorrected/B

This can be drawn as a graph of B vs Emeasured/Ecorrected Where the slope, m = Ctas in
Figure 5. The factor is 8.13 x 10 -5. All the data for this graph is contained in Table 1.
Although we are able to make this graph, there is no true evidence that this is correct, but the
straight line is the simplest fit to the points,

Table 1: Correction Factor Data

EConecked Emessured EmEe Maag. Field
Bi Band #1 570 MeV 326 MeV 572 1105 Gauss
BiBand #2  1.063 MeV .700 MeV 1.519 1830 Gauss

Sr Cut Off 1.814 MeV 1.814 MeV 1.251 3780 Gauss
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Figure 5: Graph of Correction Factor

IV. Alternatives and Improvements

There are several improvements that could be used to improve the accuracy of the project.
They deal with the accuracy of the set up. It would be beneficial if more accurate measuring
devices could be used to set up the equipment, or a template could be made that all the
equipment could sit on to make sure it is in the correct place. Another improvement would
be to improve our readings of the lower energy electrons. This could be achieved by placing
the setup in a Helium tent, and counting for a longer time. The ideal system would be
entirely enclosed in a vacuum. In the vacuum there is no threat of electrons being deflected
off course by other molecules. The highest energy electrons could be better received if
there were a more powerful magnet to control their paths. If you observe our correction
factor graph you notice their are only three points on it. If we added more sources this would
in turn add more points. This means that adding additional sources that we could get data
from would increase the accuracy of our results. When we calculated the magnetic field, we
stopped at the end of the magnet. There is actually a fringing field outside of this that directs
the electron in the opposite direction. If we accounted for this, we would have found the
location of the electrons more accurately. Another possibility for correction can be seen by
examining the 'Magnetic Field' graph. Towards the end of the graph the plot is no longer
linear and it starls leveling out. This is caused by the saturation of the iron poles in the
magnet; hysteresis. If we used a stronger magnet, mysteries would not occur until later. This
would provide us with a wider, more accurate field of current. The more accurate current
would both direct the electrons more in the expected manner and give better results in
calculations. itis obvious that there are plenty of opportunities to improve our resuits.
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V. Conclusions

Our original intent at the conception of the project was to use our data to construct a Kurie
plot and see if we had a drop off in the curve that would give evidence of a possible neutrino
mass. The limited accuracy of our instruments, the unavailability of sources, and limited
amount of time all prevented us from doing this. However, if we did have the luxury of time,
sources, and accurate instrumentation it still may not have given us the data we needed.
Considering that no scientist has been able to clearly assign a neutrino a rest mass, the
chances we had were not very encouraging. However, it never stopped us from trying.
What we wanted to find was an almost linear graph that straight from upper left corner to lower
right. The upper left being where the beta particle had almost no energy and the neutrino
almost all. The fower right would represent where the beta had all the energy and the
neutrino had none. However, the graph could not remain linear here. It would have to drop
off at the very end. This is due to the fact that the electron could never have all the energy if
the neutrino had mass. This graph would have been our ideal outcome. Unfortunately, we
did not get this. Our beta spectrometer did work though.

The bismuth and strontium graphs not only showed that the spectrometer worked, but also
gave us a catibration constant so that we could now achieve the accepted scientific results.
The spectrometer was able to change the paths of electrons with different energies by
changing their velocity in a magnetic field. The electron detector counted the number of
electrons that came through at different energies. With this information we were able to
construct a graph of count versus current. From the graphs we locate an energy peak and
from that discover the exact energy of the electrons coming through the field. Surprisingly,
the results turned out within range of scientific standards. We had enough results to
calculate a correction factor for future experiments. We built a working beta spectrometer.
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Determination of Solid State Properties by
Mossbauer Spectroscopy

Anat Gal-or, Hilary Hochberg, Christopher Rieger
Abstract

The purpose of this experiment was to study the phenomena known as the
Mossbauer effect. it involved the absorption of gamma rays emitted by the
nuiclei of a radioactive source, Cobalt 57. Various solid state properties such
as isomer shift, nuclear electric quadrupole interaction, and the magnetic
hyperfine interaction in ferromagnetic materials were studied. The spins of
the ground and excited nuclear states and the ratio of their magnetic
moments were also examined.

I. The Mossbauer Effect
A. Resonant Absorption

When an electron or nucleus decays from an excited state to a ground state, a photon is
emitted during the transition. The lifelime of the excited state is reflected in the line width of
the absorption line. 1f a sample can absorb the photon, it will raise the system to the excited
state. This is known as the resonant absorption of photons.

In this excited state, when the nucleus absorbs the energy, it can recoil and transfer some of
the energy to the lattice. This is due lo conservation of momentum. The probability of
resonant absorption is proportional to the overlap of the distribution of the emission and
absorption energies. These energies are separated by twice the recoil energy.

When dealing with atomic transitions, the recoil energies are relatively small compared to the
natural line width of the frequencies. In atomic transitions, there is a high probability of
resonant absorption. In nuclear transitions, however, there is little or no overlap of transition
energy probabilities because photon energies are higher and recoil energies are larger than
the natural tine width. Consequently, resonant absorption is not likely to occur in nuclear
transitions under normal circumstances.

B. Recollless Emlission

As stated previously, when a photon is absorbed, recoil occurs. The amount of recoil
depends upon the lattice of the sample (Figure 1). If the sample is resting in a tightly bound
lattice, then the amount of recoil will be smaller. The lattice absorbs energy, called phonons,
through vibrations. 1f no phonons are produced, then all of the energy of the transition goes
into the emitted photon

C. Doppler Shift

In order to take into account the recoil of the latiice, it is necessary to set up a Doppler shift.
This can be accomplished by setting the driver, or emission, velocity equal to the absorber
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recoil velocity. Photon energies can be changed over a spectrum of values by varying the
relative velocity of the emilier. Information about the nuclear energy levels can be deduced
by analyzing the absorption peaks.

The fattica Is connacted
by "springs®

The absormption of photons
by one nucleus affacls
all other nuclet

Flgure 1: A Modal of the Lattice
Il. Observable Interactions

By studying the Mossbauer spectra, various information about the nuclear properties of the
material can be observed. Such observable interactions occur between the nuclei and the
surrounding electrons and nuclei. In this experiment, it is possible to examine isomer shift,
electric quadrupole coupling, and magnetic hyperfine splitting. The graphs in Figures 2, 3,
and 4 show the Mossbauer spectra for stainless steel, metallic iron, and sodium iron
nitrocyanide, respectively.
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Figure 2: Stainless Steel
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Figure 4: Sodium Iron Nitrocyanide
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A. Isomer Shift

The isomer shift is a result of the electrostatic interactions between the charge distributions
of the nuclei and electrons which surround them. No splitting in the nuclear energy levels
occurs in these interactions, but slight shifting can be observed in the levels of the free
nucleus (Figure 5). Shifting with respact to the zero velocity point can be seen on the
examination of the Mossbauer spectra (Figure 6). Also, slight interactions between the
elactrons in the lower energy levels can contribute to the isomer shift. The mode! of the
isomer shift assumes that the nucleus is spherical and has a uniform charge density. The
absorption curve of a sample with no isomer shift should have its curve centered on the zero
velocity line.

E excited stete | t AE 4ycited stere
N
E ]
R AE
G AE
Y
AE ground state
ground staze

Figure §: Shift of Energy Levels Due to Isomer Shifting
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Figure 6: Effect of the Isomer Shift on the Absorption Line
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The interaction potential energy for a nucleus of radius R is given by the equation:
Eint=-Z62 | y(0) | 2R 108g

where |ye(0) 12 is the electron charge densily at the nucleus. When a transition between
energy levels takes place, the difference in radii of the excited and ground states must not
be ignored. This leads to the equation:

AE=-Ze2ly (0) | 2(Rex2 - Rgnd?) / 1089

The emitter and absorber are made of different materials, and, therefore, have different
electron densities. This difference causes a shift of transition energies. The isomer shift can
be determined by the equation

AEjs=Z0?RAR (lyabs(O)12 - lysource(0)%/ 5680
where AR =Ry - Rgnd. This causes a shift from the zero relative velocity.

B. AQuadrupole Splitting

A dipole occurs when two charges, -q and +q, are separated by a distance. Quadrupole
moments occur when the charge distribution of four charges is non-spherical around the
nucleus (Figure 7) .

7a. 7b.

K ® +q

® ®
-4 . -q

Figure 7a and b.: Elliptical Nucleus Surrounded by a Quadrupole Charge
Distribution

The diagram 7b occurs more favorably than in 7a because of its lower energy. The positively
charged nucleus is closer to the negative external charges rather than the positive external
charges. The quadrupole interaction can cause energy changes and split the nuclear
energy levels (Figure 8 on the following page). This causes a split into two of each
absorption line on the Mossbauer spectrum (Figure 9 on the following page). Sometimes,
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both quadrupole interaction and isomer shift occurs. This causes a shift in the energy levels
and then a splitting of the absorption lines.
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+
i *312
an
14 7]
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Figure 8: Quadrupole Interaction Splits Nuclear Levels
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Figure 9: Quadrupole Splitting Caused Two Absorption
Lines to Appear

C. Magnetic Hyperfine Splitting

Hyperfine interactions cause the energy levels of nuclei to be split or shifted. This occurs
when the nucleus is in the magnetic field and interactions occur between the nucleus and
the surrounding atoms. if a nucleus has a spin of |, then it can be split into component levels
of I, -1, )-2...-). Therelore, if a nucleus has a spin of 3/2, then it can be split into levels of +3/2,
+1/2, -1/2, and -3/2. Similarly, if a nucleus has a charge of 1/2, then it can be split into levels
of +1/2 and - 1/2.

The ground and excited states are split due to the interactions of the charges between the
spins and the supplied or local magnetic field. Transitions between the atomic sublevels
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occur when the difference in spins is 1, 0, or -1. An example of transitions which take place

when the spin on a nucleus is 3/2 can be found in Figure 10.

+3/2

Hyocor? 0

+3/2

+1/2

-1/2

-3/2

-1/2

+1/2

Figure 10:

il. Procedures
A. Diagram

See Figure 11

Transitions in Hyperfine Splitting

Yelocity | Amplifier | Power

Control Supply
| @Osei“iseope
Counter
Driver and
Source
Computer
Semple
Figure 11: Diagram of Experimental Set-up
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B. Experimental Apparatus

In this experiment, data was gathered using a constant-acceleration, ransmission-geometry
Mossbauer spectrometer and was then stored in a IBM PG for output to a diskette or
printer.

1. Hardware

The radioactive isotope, Coball 57, was placed inside a vibrating mechanism referred to as
the driver. The function of the driver was to create a sawtooth velocity wave form. The
velocity of the driver was selected using a dial control, with a maximum velocity of 20 mm/s.
Gamma rays were emitied by the radioaclive source which then struck the sample. The
sample then emitted gamma rays, which were then detected and sent 1o a proportional
counler. The signals from the counter passed through a preamplifier and a linear amplifier
before reaching a single-channel analyzer (SCA). The purpose of the SCA was lo generate
a puise when the signal fell within a selected range. The information from the SCA was
transferred into the IBM computer which stored all the received information in 512 data bins.
Each bin corresponded lo a specific source velocily. It was necessary for phase lo
be maintained between the PC and the driver so as lo produce one pass through all bins
for each velocity cycle. A cycle of the driver began at zero. As the driver velocity swept
from zero to the minimum velocity, the absorption information was stored in bins 0 to 128.
As the driver velocity swept from minimum velocity to maximum velocity, the absorption
information was stored in bins 129 to 384. Finally, as the driver velocity swept from
maximum velocity to zero, information was stored in bins 385 to 512. This resulted in a
spectrum with two zero-velocity positions, with maximum speed at the end bins, and zero
velocity in the middle. A mirror image of the Mossbauer spectrum occurred before and after
bin 256.

2. Gamma-Ray Source

In this experiment, the radioaclive source utilized was 57Co. This radioactive element
decays 1o the 137 keV state of 57Fe by electron caplure (Figure 12 on the following page).
Transilions occur to the 14.37 keV state, and then directly to the ground state. The 14.37
keV gamma ray has a significant recoilless fraction, and was the desired one in the
experiment. The 14.37 keV energy level was the desired one because in the Mossbauer
experiment, it is essential to excile electrons while still achieving recoilless emission. The
137 keV energy level also excites the electrons, but the recoil of the nucleus is significanlly
higher for this energy level than of the latter. The photon energies that are emitled are
unsplit, with a ground state spin of 1/2 and an excited state spin of 3/2. The samples that
acted as absorbers in this experiment were stainless steel, metallic iron, and sodium
ferrocyanide NasFe(CN)sNO2H20. Each of these samples contained iron because
resonance had lo be created between the exciled slate of the sample and the ground stale
of the source.
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57co 270 4
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3/2 - ) 14.4 keV
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Figure 12: Decay Scheme of 57Co
B. Set Up

The setup consisted of four procedures: making the proper connections between the
various equipment, setting up the power supply, setting the single-channel analyzer, and,
finally, preparing the sample.

1. Connections

The equipment in this experiment was connected at the start of our experiment. Therefore,
the actual wiring of the different machinery was not a concern. The alignment of the vibrator,
collimator and proportional counter was very important, however, since it allowed the
maximum amount of gamma rays to pass through the sample and reach the counter. This
was checked before each run due to the significance of the alignment on the detected
resulls.

2. Powering Up the Equipment

The voltage control, the oscilloscope, and the computer were turned on twenty-four hours in
advance due to the long warm-up period necessary for the proper function of the power
supply. The driver and the counter were turned on at the beginning of a new run.

3. Setting the Single-Channel Analyzer

With the Cobalt 57 source in place, a number of peaks occured on the oscilloscope, each
corresponding to individual photon energies. To idenlify the 14.37 keV pulses, a 1/8” thick
piece of Lucite was placed between the source and the counter. The Lucite blocked the 6
keV pulses, which were a result of the emission of other levels. Then, a 1/32” thick piece of
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copper was similarly positioned to block the 14keV pulses. In order to isolate the range of
the 14 keV pulses, the E and AE controls were set. AE was placed at .8 V, and E is varied
between values of O to 3 in intervals of .1. The resuiting graph (see Figure 13) of count rate
vs. E identified the positions for maximum count of the keV line. This was the value of E that
was used in the data acquisition. The values found for E and AE are .8 and .6 V,
respectively.

CALIBRATION CURVE: FIHDING THE 14.4 hov
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Figure 13: Calibration Curve
4. Preparing the Sample

Before each run, the sample was taped into a lead collimator. The collimator was placed
between the radioactive source and the detector. Placement is very important since a
misalignment of the absarber could skew the results. Placing tape over the sample did not
interfere with the fiow of gamma rays because the materials in the tape did not have iron
nuclei. The velocity of the driver was then determined by consuiting a sample Mossbauer
spectra.

C. Running the Experiment

As mentioned before, with each cycle of the driver, the electron count for 512 points on the
sweep was recorded in the computer in memory sections called bins. There were 512 bins
for every sweep. At the starl of each new run, the computer bins had to be reset to zero.
This cleared the computer's memory of all previous data and allowed a new accumulation to
begin. The display parameters were then set to display afl 512 bins, causing a mirror image
of the absorption spectrum to be appear. The spectrum was reflected across the center bin
because the spectrometer sweeped each velocity twice on every pass. Several other
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parameters were also set that determined how the terminal would display the data that it
received from the amplifier.

In collecting the data, the linear histogram was used. The linear histogram is a data
acquisition function which displays the number of events per bin (vertical axis) against bin
number (horizontal axis). The display was constantly changing as new data was acquired.
Each sample ran for an average of about 24 hrs, and the received data was then saved on a
disk and plotted.

IV. Results and Calculations

After setting up the sample, the driver was turned on. Certain solid state properties could be
determined by examining the Mossbauer speclra of each sample by examining the graphs.

An isomer shift results from the interaction between charges of the nucleus and electrons of
atoms. The isomer shift actually causes the zero velocity of the spectrum to be shifted to the
left or right of the zero velocity point. Depending on the charges interacting with the nuclei
of the source being bombarded with the gamma rays, the amount of shifting varies. We can
determine the amount of the shift by using the equation:

e 127.5 e

For our first sample, stainless steel, we determined the isomer shilt by analyzing three trials,
each performed using dillerpnt maximum velocities. The following calculations, using
maximum velocities of 2 mm/s, 4 mnvs, and 6 mm/s, were completed and the average result
of the three equations became the experimental value for the isomer shift for stainless steel.

Stainless steel at 2 mnVs with a maximum peak at 170:

v=(2 mmvs)(170-128.5)/ 1275
v=,6509 mm/s

Stainless steel at 4 mmVs with a maximum peak at 135;

v=(4 mnVs)(135-128.5) / 127.5
v=.2039 mm/s

Stainless steel at 6 mnV's with a maximum peak at 137:

v=(6 mm/s)(137-128.5) / 127.5
v=,4000 mm/s

Therefore, the average isomer shift for stainless steel was found to be .4183 mm/s at a
maximum velocity of 4 mmv/s.
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Next, the isomer shift for sodium iron nitrocyanide was examined:

va{10 mmvs)(136-128.5) / 127.5
v=,5882 mm/s

Therefore, the isomer shift for sodium iron nitrocyanide was found to be .5882 mnvs at a
maximum velocity of 10 mm/s,

Finally, the isomer shift for iron was examined:

v=(8 mm/s)(132-128.5) / 127.5
v=.2196 mm/s

Therefore, the isomer shift for iron was determined to be .2196 mm/s at a maximum velocity
of 8 mnvs.

The next property that was studied by examining the Mossbauer spectra of the various
samples was the effect of quadrupole splitting. Quadrupole splitting causes a split in the
nuclear energy levels. It is a result of asymmetries in the nuctear charge distribution. Only
sodium iron nitrocyanide appeared to be affected by quadrupole splitting. Quadrupole
splitting coufd be determined by finding the isomer shifts (AE;s} and the absorption (AEans)
and then solving for the quadrupole splitting (AEqs). Since there were two unknowns in the
equation (AEig=the average between the two peaks), the following equation was applied to
both peaks on the graph of the Mossbauer spectrum for the sodium iron nitrocyanide in
order to solve for the quadrupole splitting.

AEabs=AE|s+AEqs'(-1 )l mul+ 1/2

AEans = absorption  AEjg = isomer shift  AEqs = quadrupole spiitting

First, we determined the isomer shift:

AEjg= (Vmax) (Peak- 128.5)/ 127.5
AEig = (10 mm/s) ( 136 - 128.5) / 127.5
AEig = 5882 mm/s

Next, we found the absorption of Peak #1 and Peak #2:

AEapg1 = (Vmax ) (Channel # at Peak - 128.5 )/ 127.5
AEang1 = 10*(125-1285)/1275
AEabst = - 2745

AEgpso = (Vmax ) (Peak - 1285)/ 1275
AEabs2 = (10 mmvs)( 147- 1285)/ 127.5
AEaps2 = 1.4509 mm/s
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We then combined the original equation for quadrupole splitting using data from Peak #1
and Peak #2:

AEabs2 = AEjs - AEgs
- AEabs] = AE[S . AEqs

AEang - AEﬂbS = 2AEqs
Substituting the calcutated values:

1.4500 - (- 2745 ) = 2AEqq
AEqs = 8627

Therefore, the value for quadrupole splitting of sodium iron nitrocyanide at 10 mm/s was
.8627 mnvs.

The final property ot the samples which we examined was the hyperfine splitting of metallic
iron, Hyperfine splitting is the splitting of nucleus when the charges upon it are not static.
When the charges are not static, the possibility arises that the nucleus could have a magnetic
moment. When this occurs, the energy of the nucleus splits causing different energy levels.
During these magnetic moments, a nucleus with spin | can only have certain component
levels, mj that have distinct values. These values are exaclly mj = 1, 1-1, 1-2,...-l. For example,
a nucleus with a ground state spin of 3/2 mj will equal 3/2, 1/2, -1/2, and -3/2. The magnetic
moment of the nucleus can interact with an applied field. This interaction causes the energy
levels of the nucleus to be split into their components. Nuclei with spin | will also have a
magnetic dipole moment denoted by the equation where g is equal 1o spectroscopic
splilting factor and p is equivalent to the Bohr magnetron.

M=gpl
This magnetic dipole moment is whal causes the splitting of the nucleus’ energy level when
itis exposed to either a local or applied magnelic field. The energy of interaction is defined
by the equation:
E = -mijgBH
where H is the strength of the magnetic field. The transitions during the splitting process

occur at very predictable rates. They can only exist when mj is equal to an integer with the
total number of transition energy states equal 1o 21 + 1.

To find the strength of the magnetic field created in the splitting of the nucleus’ energy, the
system was solved for H.

AEgbg=AE|g+H ((pe *pe/le)-(ng“ug/lg))
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To begin, the absorption energy of each of the six peaks of the iron nuclei was found. This
was done in the same manner as the previous absorption energies.

AEghs = Vmax * (Peak - 1285)/ 1275
Peak 1 AEqpg = 8* (45 - 128.5)/ 127.5
AEahg =-5.239 mm/ s

Peak 2 AEghg= 8*(81-1285)/1275
AEabhs =-2.980mm/ s

Peak 3AEapg =8*( 119-128.5)/127.5
AEghg =-5961 mm/s

Peak 4 AEqpg =8* (149 - 1285)/ 127.5
AEapg = 1.2862mm/ s

Peak 6 AEapg=8" ( 182- 1285)/ 1275
AEabg =3.356Bmm/s

Peak 6 AEaps = 8* (225 - 1285)/ 127.6
AEaps =6.0549mm /s

Another portion of the equation which could be found easily was the isomer shift of the iron.
AEjg = Viax * ( Peak - 128.5)/ 127.5

AEjg=.2196 mm/s

It was no longer adequate 1o leave the isomer shift and absorption values in mm/s, so they
were converted into energy units. To do this, the following equation was used. This
equation was merely a manipulation of the original equation to solve for the hyperfine
spliting. This needed to be completed for each of the six peaks of the iron.

AEghs - AEg = (Eo* (V-Vis))/(un*c)
Eo = 14.41 Kev * 1.602 * ( 10-16 JKev)

Eo=2308"( 10-15)
Eo*{V-Vig)/pun*c

Peak 1 = ((2.308*(10-15)J)*(-5.239-.2196 mnvs ) ) /5.0518* ( 10-27) J/T* 3*
10-11) mm/s
=-8.312 Tesla
Peak2 = 1.3724*(-2.980 - .2196)
=-4.3912 Tesla

Peak 3 = 1.3724 *(-5961 - .2196)
= -1.119 Tesla

Peak 4 = 1.3724*( 1.2862 - .2196)

1.464 Tesla
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Peak5 = 1.3724 * (3.3568 - .2196 )

4.305 Tesla

Peak 6 = 1.3724 * (6.0549 - .2196)
= 8.008 Tesla

After establishing the energy contained in each peak, the observed values were compared
to the theoretical values. To do this, one equation was subtracted from another on the
theoretical side, and the same equalions were manipulated likewise on the experimental
data. The ditference attained in the theoretical problem was equal to that of the experimental
one. They were set equal and a value for H and pe was found.

Theoretical Experimental
Peak 2 - Peak 4 = -2Hug = -5.855 Tesla

Peak 3 - Peak5 = -2Hug = -5.424 Tesla
Peak 1 - Peak3 = 43Hue = -7.193 Tesla
Peak 1-Peak2 = 2/3Hpe = -3.921 Tesla

Solve tor H (Bohr's nuclear magneton)

ng = 0903
OHpg=-5855Tesla  -2Hpg=-5.424
H=32.4197 Tesla H = 30.0332 Tesla

Average value of H = 31.2265 Tesla

Solve of pe
4/3Hpe =-7.193 2/3 Hye = -3.921
pe=-1727 pe=-,1884

Average value for e = -,1806
V. Discussion

Our source in this experiment, Cobalt 57, through electron capture, was transformed into the
excited state of lIron 57. As the lron 57 returned to its ground state, gamma rays were
emitted. The gamma rays achieved resonance with the Iron 57 nuclei in our various samples.

57Cop74%p.1 = 57Fegg

Each of the samples had traces of the lron 57 in the lattice of each sample. When the gamma
rays hit the nuclei of the traces of lron 57, they became excited. Once excited, they emitted
electrons in order to return to the ground state. These were the electrons which are
detected, counted, and then plotted. The number of electrons which were emitied by the
sample depended upon the lattice in which the Iron 57 nuclei were resting. Therefore, by
studying the Mossbauer spectra, we could examine the structure and interactions which
were occurring within the compounds.
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Our samples were metallic iron, sodium iron nitrocyanide, and stainless steel. We examined
the Mossbauer spectra of each sample.

SUMMARY OF RESULTS

STAINLESS STEEL:
Isomer shift = 0.4183 mmvs

SODIUM IRON NITROCYANIDE:
Isomer shift = 0.5882 mnv's
Quadrupole shilt = 0.8627 mm/s

IRON:
Isomer shilt = 0.2196 mmv's accepted values for iron:
H = 31.2265 Tesla H=33.3Tesla
p o= 0.1806 un pe = 0,1547 un

Isomer shifts are caused by interactions between the the charges of the nuclei and the
electrons in aloms. They can be abserved by a shift from the zero velocity on the spectrum.
We were able to see and compare the shifts of each of our samples. For example, the isomer
shift of iron was greater than the isomer shift of stainless steel. Therefore, it was possible to
conclude that the difference in energy levels in the iron sample was greater than the
difference in energy levels in the stainless steel sample.

Quadrupole splitting is caused by the splitting of the excited energy level. it is recognized by
two peaks present on the spectra for every expected one peak. In sodium iron nitrocyanide,
it was expected, in the absence of any quadrupole interaclion, that only one line would be
present. Instead, two lines were naticed. This splitting was a result of quadrupole splitting.
Therefore, the sodium iron nitrocyanide must have had a charge distribution in the nuclei
which was nonspherical and charges which were asymmetric.

Hyperfine splitting occurs when the nuclei interact with large external or internal magnetic
fields, These fields cause a splitting in the ground and excited levels. The phenomena can
be observed by studying the Mossbauer spectra. it is apparent by the formation of six lines
on the graph. Two lines are due lo the splitting of the ground state, and four lines are due to
the splitting of the excited state. The only sample where six peaks were observed was in the
iron spectrum. Therefore, we were able lo conclude that the iron nuclei was influenced by
fields large enough to split both its ground and excited states. In stainless steel and iron, the
fields were too weak to cause any hyperfine splitting. We calculated the strength of the field
affecting iron to be approximately 31 Tesla. This value is very close to the accepled value of
33 Tesla. To understand the magnitude of the strength of a magnetic field of this order, one
must realize the magnetic field of the earth is a mere .3 Tesla. The magnetic field in the iron
sample was found to be approximalely one million times the strength of the field of the earth.
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Hyperfine splitting was determined to be present in the metallic iron sample. This meant that
there were large internal magnetic fields within the metallic iron. These fields were large
enough to cause the hyperfine splitting in the iron. In stainless steel and sodium iron
nitrocyanide these fields were either not present or too weak to cause the split to occur.

VI. Conclusion

Mossbauer Spectroscopy is a means of studying and observing various solid state
properties. The Mossbauer experiment is designed to observe these interactions which are
always occurring on the atomic leve!. In a way, one can use spectroscopy as a camera to look
into the atom and observe solid slate interactions, One is able to look at the various spectra
and determine the atomic structure and how the different particles interact with one another.

Through the use of the Mossbauer equipment and observing the spectra, we found clues to
the complex structure and behavior of subatomic particles. We were able to determine how
the lattice structure of samples containing Iron 57 drastically changes the propetties of each
absorber. lron, sodium iron nitrocyanide, and stainless steel were compared in this
experiment. Therefore, it was possible to discover differences in each sample by detecting
the presence and magnitude of various subatomic properties. The orientation of electrons
and surrounding atoms to a nucleus results in phenomena such as quadrupole splitting,
hyperfine splitting, and isomer shifting. These properties, which are minute in size and
detectable only by precise equipment, were able to be observed by the use of Mossbauer
spectroscopy.
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Light Quantization: The Photoelectric Effect and
Compton Scattering

Jeffrey Tsay, Jason Weir, Shannon Wowak
Abstract

The purpose of these two experiments is to prove that light has particle-like
characteristics. The pholoelectric effect experiment demonsirates that the
energy of light is not distributed evenly throughout a classical wave but is
concentrated in discrete regions termed quanta. Furthermore, the
Compton scattering experiment verifies that not only do these quanta, or
photons, carry discrete energy, but discrete momentum as well and scatter
from electrons like particles.

i. Introduction
A. Photoelectric Effect

In 1880, Heinrich Hertz observed that metal surfaces emit charges when they are exposed to
ultraviolet light. By 1899 J.J. Thomson had proved that the emitted charges are electrons.
In 1902 Philip Lenard made crucial discoveries which stated that the maximum kinetic energy
{(Kmax) of emitted photoelectrons is independent of intensity and increases linearly above a
threshold frequency. It had been assumed that with increasing intensity the electrons
would leave the metal with increasing kinetic energy and that a change in the frequency of
the light would not change the Kmay. The new revelations concerning Kmax and frequency
were unexplainable shocks to the scientific world.

It was not until three years later, in 1905, that a young Albert Einstein explained these
phenomena. Einstein introduced a simple theory which stated that light travels not as a
classical wave but as packets of energy called ‘quanta.’ The theory explained the
photoelectric effect by saying that a light quantum gives all its energy to a single electron in
the metal. This can be represented in the following mathematical equation:

Kmax=ht - wy,

where Kmax is the maximum kinetic energy with which the electron is emitted, hf is Planck’s
constant limes the frequency of the quanta, representing the energy of the photon, and wi
is the work function, which is the minimum energy that binds an electron to a given metal.
One may observe from this equation that Kmax is dependent only upon the frequency of
the the quantum being absorbed and upon the work function of the particular metal and not
upon the intensity of the light. One may also observe that as frequency increases, Kmax
also increases, but will notexistif the freqency is less than a threshold frequency, fo, where

fo=wg/h,

since kinetic energy cannot be negative. The physical interpretation of this concept is that it
the actual frequency of the quantum does not exceed the threshold frequency required,
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then the electron will never escape from the metal. Thus, with this simple equation, Einstein
was able to explain a quandary which had puzzled the scientific community.

B. Compton Scattering

From Einstein's special theory of relativity, a light quantum with energy E carries a
momentum pina straight line of motion of

p=E/c,

where c is the speed of light. However, an experimental verification of this theoretical result
was not undertaken unti! 1923.

In 1923, Peter Debye and Arthur Compton independently discovered thal by treating

photons as paint particles they could explain the scattering of x-ray photons from free
elactrons. Classical theory predicted that radiation of a certain frequency fg should

accelerate the electron in the propagation direction of the radiation and should force the
elctron to oscillate and reradiate at a frequency f where f <= fg. Also, the length of time the

electron is exposed to the radiation and the intensity of that radiation should affect the
frequency of the scattered radiation.

It came as a complete surprise when Complon’s experiment showed that the wavelength of
the scattered x-rays at a certain angle was totally independent of the exposure time and the
intensity of the radiation. The wavelength only depends upon the scattering angle, which
can be theoretically proven in the following manner:

By momentum conservation:

Pg cos (¢) = P - P’ cos (6)

Pg sin (¢) = P’ sin (6)
Eliminating ¢:

Po2 = P2 + P2.2PP’ cos (0)
By energy conservation:

E+me2=FE +Eq
Rearmanging:

Eo=Pc - P'c + me2
Substituting into the Einstein relation:

Eo? = Po202 + m2c?
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And using the refationship:
P=h/2a,
Yields:
A< A=h/mc(1- cos (0)).

As shown, the scattered wavelength A’ depends only upon the scattering angle 8.

eiectron

Figure 1: Compton Scattering of a Photon from an Electron
The photon is scattered at angle with respect to the direction of
incidence and the electron is ejected from the atom at angle.

Il. Experimental Procedure
A. Photoelectric Effect

f slit mirror:
lens fens ,
\ \ Ipnsrn ;

mercury
light sourca

Figure 2: Schematic Diagram of Apparatus for Photoelectric Effect

The apparatus for this experiment (Figure 2) consisted of focusing lenses, a prism, a mimor, a
vacuum photocell containing a metallic emitter and a collector, and data collection circuitry.
The optical components and photocell were contained in a light-tight box. Mercury light was
reflected off of a mirror onto a metallic emitter from which electrons are ejected. The current
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flow from emitter to collector was then measured. To eliminate stray ultraviolet light reflecting
oft of the inside of the shell, the photocell was covered with black cloth, leaving only enough
space for the light beam to enter.

matallic photo emitter

photocell

amplifier

1l

)

d v ! \
wl(meterj/ veriable voltage

Figure 3: Clrcult Diagram for Measurement of Photocurrent and Stopping Potential

50!!\"\0‘0’
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To measure Kmax of the emitted electrons for the ditferent frequency mercury lines the
mirror was adjusted to focus each of the light beams individually onto the pholocell. The
shutter was then closed to stop light from entering the system. Next, the voltmeter and
ammeter were zeroed. Then the shutter was opened to allow light to enter. Upon opening,
a measurable current was recorded. As the vollage was increased, a positive potential was
created at the metal which pulled electrons away from the collector and back towards the
metal, causing the current to fall. Once the current dropped to zero, the value on lthe
voltmeter was recorded as the stopping potential for that parlicular light. Note that at zero
current the electrostatic potential energy at the emitter must equal the Kmax,

Kmax=qg Vg ,

Therelore, one can direclly measure the Kmax by measuring the stopping potential.

In order to vary the intensity of the photon beam, twin polarizing filters with adjustable
orientation were placed between the mirror and photocell. From Etienne Malus's law of
polarization, itis known that if a beam of plane-polarized light strikes a polaroid whose axis is
at an angle to the incident polarization direction, the beam will emerge plane-polarized
parallel to the polaroid axis and its electric field amplitude will be reduced by the cosine of the
angle. Since intensity is proportional to the electric field squared, Malus’s law can be stated
as

I = Ig cos2 (8).

Between the mirror and the photocell were placed two polarizers. One lens was stationary
while the other was rotated at 1569 intervals, thereby varying the intensity. At each
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orientation, the current and stopping potential were measured. This experiment was
conducted with the 4360 angstrom mercury line.

The most important part of the experiment was determining the dependency of the stopping
potential on frequency. The slope of that line has a value equal to Planck’s constant divided

by the electron charge, or

slope = h/ qe.

In order to determine h, a graph of stopping potential vs. frequency for the four visible lines
of mercury was plotted.

B. Compton Scattering

lead box

aluminum scelterer

C3'37

photo-
multiplier
tube

pulse height
analyzer

Figure 4: Schematic Dlagram of Apparatus for Compton Scattering

The Compton scattering experiment setup consisted of a lead chamber housing a
radioactive Cs137 gamma source, a photomultiplier tube, and a pulse height analyzer. A
small round opening in the lead chamber approximately 3 cm in diameter allowed gamma
rays from the cesium source to escape in a fairly confined beam. The beam was then
intercepted by the photomultiplier tube, which produces a voltage pulse whose amplitude is
proportional to the energy of the incident radiation. The signal from the photomultiplier tube
was then sent to the pulse height analyzer, which generated a graph of photon count vs.
channel number. The channe) number is directly related to the vollage signal from the
photomultiplier tube.

Prior to the data collection, the entire apparatus was calibrated. Using four radioactive
sources, Cs137, Cof0, Na22, and Sn113, a calibration graph of emitted photon energy vs.
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channel number was created, yielding a linear plot. This graph allowed data conversion
between channel number, which was recorded from the screen of the pulse height analyzer,
and photon energy.

The actual experiment began with an aluminum scalterer placed in front of the lead
chamber opening. Gamma photons struck the aluminum electrons and were scattered. By
orienting the photomuitiplier at various angles and recording the channel number of the
peak of the scattered photon spectrum, one could investigate the dependence of scattered
photon energy, and hence scaltered wavelength, on scattering angle. This procedure was
repeated several times at varying angles, beginning at 20° and increasing at 100 intervals to
a maximum of 100°,

INl. Data and Conclusions
A. Photoelectric Effect

Figure 5 is a graph of current vs. applied potential for a green laser, illustrating the general
technique used for measuring stopping potential. As the applied potential is increased, the
current decreases. When the current equals zero, the applied potential is called the
stopping potential, which is equal to Kmax / ge.

Green Laser(5435 angstrom)
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Figure 5: Determination of the Stopping Potential for Photoelectrons
Produced by the Green Laser (Wavelength: 543.56 nm)

Two polarizers were used to vary the itensity of the Hg lamp. One polarizer was stationary
and the other was varied in 15 increments. At 00, the polarizers were fully aligned, allowing
the maximum amount of light to enter the photocell. After each increment, a reading was
taken of initial current and stopping potential. The current decreased proportionately, as was
expected (Figure 6 on the following page).
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Figure 6: Determination of the Stopping Potential for Photoelectrons
Produced by the Mercury Blue Line (Wavelength: 436.0 nm)

The stopping potential was expected to remain constant regardiess of the intensity. For
intensities above approximately 50% of maximum intensity the stopping potential did indeed
agree with this prediction (Figure 7). However, for low intensities the stopping potential
dropped. At these low intensities, the very small currents present were at the lower limit of
instrument resolution. Perhaps with a higher intensity source one could verify the constacy
of stopping potential over a larger range of relative intensity.

Mercury (4360 engstrom)
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Figure 7: Anomalous Effect of Intensity on Stopping Potentlal.
Intensity was varied by adjusting the relative orientation of a pair of
polarizers placed in the optical path.
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The most important aspect of this experiment was determining h. This was accomplished
by plotting the stopping potential of the four visible lines of mercury light vs.
their frequencies (Figure 8); the slope of this graph yields a value for Planck's
constant, h, equal to (6.52 +/- 0.38)E-34 J's in agreement with the accepted value of 6.626
E-34 Js.

Mercury Light
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S 6 1 ]
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Figure 8: Determination of Planck's Constant from Stopping Potentlal Data

B. Compton Scattering

Figures 9 through 11 are photographs of the pulse height analyzer output, In Figure 9,
the unscattered photon peak from Cs1 37 is present at energy 661.6 KeV. Notice that at
30 degrees (Figure 10), two peaks are present; the unscattered peak at 661.6 KeV and a
scaltered peak at a lower energy. This peak represents the Compton scattered photons
from the free electrons in aluminum. The unscattered peak contains both photons that
have indeed passed through the aluminum unscatlered, and yet have reached the
detector through the natural spread of the beam, as well as photons which have scattered
from the nucleus. These nuclear scattered photons exhibit no loss of energy due to
the extremely large mass of the nucleus. At 40 degrees (Figure 11 on the following page),
the two peaks are still present. Notice that the scattered peak has moved to an even lower
energy, as expected.
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Figure 9: Pulse Helght Analyzer Spectrum for Zero Scattering Angle
Showing the 0.662 keV Gamma Ray Peak
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Figure 10: Pulse Helght Analyzer Spectrum Showing both the Unscattered Peak
and the Scattered Peak for 30 Degrees (Just barely resolved.)

i Aluminum Terget
G ) 40 degrees
":: S |
R T I
N b ¥
Wt A
¥
i
Energy

Pulse Helght Analyzer Spectrum for 40 Degrees: The Scattered and

Figure 11:
Unscattered Peaks are Clearly Resotved
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By dstermining the energy, and hence the wavelength, of the scattered peak from the pulse
height analyzer, it is possible to construct Figure 12. From the well-defined linear plot, it may
be concluded that the value of the slope, which can be expressed as

slope = h/ mec,
is indeed constant; therefore, since me, the mass of an electron, and ¢, the speed of light

are both known quantities, Planck’s constant h may be evaluated. The value of h calculated
from this experiment is (6.80 +/- 0.25)E-34 J-s, again in agreement with the accepted value.
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Flgure 12: Delermination of Planck's Consiant from Compton Scattering Data
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Self-Organized Criticality of Granular Systems
F. Bryan Bergert, Hilary Justh, Elizabeth Stock, Seth Weidner
Abstract

The concept of self-organized criicality is applicable to many systems in the
world around us. This project focused on a pile of beads as a simple mode!
of such a system. The system was studied in order to determine crifical
slope, the relationship belween the frequency and magnitude of
avalanches, and evidence of chaos.

I. Introduction

"Beep-beep, beep-beep, beep-beep.... We interrupt to bring you this important news flash.
Disaster strikes in the Golden State as a massive earthquake, 7.2 on the Richter Scale, rocks
the Los Angeles Basin. Wali Street panics as the stock market falls 684 points to reach an all
time low. And finally, seven vacationing Americans are reported missing after yet another
devaslaling avalanche in the Swiss Alps."

These three disasters may seem to be totally random and unrelated, but in actuality they
share a common thread which may be the key in learning to predict system catastrophes:
self-organized criticality. Self-organized criticality is the name given to the idea that “[}arge
interactive systems perpetually organize themselves to a critical state in which a minor event
starts a chain reaction that can lead to a catastrophe."! When selt-organized criticality is
understood, it will be invaluable in predicting the behavior of both physical and social
systems.

A simple model has been developed of a system in which self-organized crificality can be
observed. The purpose in observing the system is twofold. First, a correlation between
energy and frequency was looked for. It is believed that events with less energy will occur
more frequently than events with greater energy. The following equation has been
developed to describe the expected correlation:

fo1/Eb

where f = frequency of a particular event
E = energy of the event
b = a constant depending on the system

An attempt was made to determine the b value for the system

Secondly, it was believed that chaos, ordered randomness, might be present in the
sequential energies of individual catastrophes, and evidence of such was looked for in the
results.
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Il. Experimental Set-up

After much contemplation, it was decided that the simplest model that could be built to
display self-organized criticality would be a small scale "mountain” with periodic avalanches.
The critical point in this system would be the critical slope--the slope at which the amount of
mass being added to the pile is equal to the amount of mass falling off. In order to develop
this system, it was necessary to find a way to drop small particles, one at a time, on a pile, and
to record the size and time of each individual avalanche. 3,000 glass beads (diameler 6 mm)
and 8,000 smaller plastic beads (diameter 3 mm), were available, so it was decided to build
the *mountains"” out of these by dropping them one by one on a pile. But since a "bead-
dropping machine" is not standard equipment in university physics labs, it was necessary to
devise an original. After scores of hours of sorling useful ideas from faulty ones by trial and
error, the apparatus in Figure 1 was finally developed .

| oscilla(o

] l
U '

springs

bead collector
ultrasonioc position

/ sensor

Figure t: Apparatus

The beads are placed in a funnelling device over a pair of melal plates attached to an
oscillator (Figure 2 on the following page). As the oscillator moves out, the top plate slides
under the funnel, and one bead falls into the hole. The oscillator moves in and the bead is
carried with the hole in the top plate until it lines up with the hole in the bottom plate, and the
bead falls through onto the pile. The problem of the beads' “bridging" in the funnel and
disrupting the flow of beads was eliminated by using an inverted funnel, which reduced the
beads’' competition for space, the primary cause of bridging.

The pile builds up on a base of a set size, and when the critical slope is reached, beads begin
to fall. We had to find a way to keep track of the frequencies and the energies of these falls
{but since mass is directly proportional 10 energy, what was actually needed was a way 1o
measure mass with respect to time.) An electronic scale which would record readings ten
times a second would have been ideal but was not available. What was available was a
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computer program with a position sensor that would record displacement ten times a
second. The position sensor was attached to a "bead catcher” (a cone made of tracing
paper) on springs. As the beads fell off into the bead catcher, the beads caused the springs
to stretch. The stretch of the springs was determined by the position sensor and recorded
by the computer with respect to time.

L ) I

Step 1: Collect Bead from Funnel

- oo 1]

Step 2: Drop Bead onto Pile

Figure 2: Bead Dropper Assembly
Ill. Calibrations

Before triafs could be slarted, it was necessary to calibrate the program, so the results could
eventually be interpreted. So, with the oscillator set aside for a time, the program was
started, and every ten seconds ten beads were added to the bead catcher. If the
displacement caused by ten beads, twenty beads, etc., was known, it could later be
determined exactly how many beads must have fallen to produce a given displacement. Five
trials were run with the plastic beads, with ten beads added every ten seconds for 150
seconds. The computer printed out the data in ASCII form, and the result was 100 sheets of
computer paper covered with five digit numbers. The numbers represented vertical
displacement in tenths of millimeters, and ten numbers were recorded per second. One
problem that was encountered was that a mass spring system was created when the beads
fell into the bead-catcher, and simple harmonic motion ensued.

So instead of being able to simply look at the numbers from our calibrations and know that
ten beads had fallen, it became necessary to wade through thousands of numbers that
represented oscillations of the mass-spring system, and to fry to find actual displacement.
The most efficient way to analyze this was 1o take the average displacement for the ten
seconds, and then to average this value with the corresponding value from each of the other
four calibration runs.

Graphs of beads vs. displacement (Figures 3 and 4) were plotted, and from the slope of this
graph it could be determined exactly how many beads must have fallen to give any particular
displacement.
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Figure 3: Calibration Curve for Plastic Beads

The same procedure was followed to calibrate the system for the glass beads.
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Figure 4: Calibration Curve for Glass Beads
IV. Procedure

Thirteen total trials were run, but trial number seven was lost to a data-gobbling gremlin in the
computer, so only tweive trials were used in the analysis. Each trial consisted of four
segments {with the exception of trial number four, which consisted of five segments) of
approximately 400 seconds each. A "run” simply means that the oscillator drops beads and
the computer records vertical displacement. Table 1 on the following page shows the bead
type, base diameter, and base depth for each trial. Two trials of each kind were run to
account for emor.
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Table 1: Trial Specifics

1&2 3mm 5.0cm 1.56 cm 290
344 3mm 6.2cm 1.90 cm 30°
5&6 3mm 8.0cm 1.00 cm 30°
8&9 6 mm 49cm 1.60 cm 400
10&M1 6mm 8.1cm 1.00 cm 320
12 & 13 6mm 6.3cm 0.70 cm 340

Sixteen displacement vs. time graphs were printed for each run (each graph covering 100
seconds). By observation and utilization of the knowledge gained through calibrations, the
number of beads that caused each avalanche (major or minor) was determined, and labelled
on the graph. Figure 5 is an-example of such a graph after analysis.
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Figure 6: Graph After Analysis

These data were compiled and analyzed in two different ways with two different concepts in
mind: self-organized criticality and chaos.
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V. Self-Organized Criticality

As aforementioned, self-organized criticality is present in many systems, and if it can be
understood, many natural disasters could be predicted. The benelits of this information
would be endless.

A. Purpose:

The system was investigated in order o discover more about the correlalion belween
energy and frequency of avalanches with a parlicular energy, and specifically to find a value
for b.

B. Hypothesis:

From the equation introduced earlier:

f o 1/ED

Frequency can be represented simply by N -- the number of times an avalanche of a certain
energy occured in a run.

Also, for simplicity, the diractly proportional sign will be made an equal sign for the present.

N = 1/EP
1N = Eb
log /N = log EP
-logN = blogE

This equation is analogous to the classic slope-intercept form of the equation for a straight
line:

y=mx+b

Thus, one would expect that if - log N were plotted against log E, the slope of the line of
regression should be the b-value.

C. Procedure and Data:

For each set of two runs, the number of times that avalanches of each energy occured was
recorded, and -log N vs. log E graphs were plotted for each. Table 2 on the foliowing page
shows the b values obtained for each system.
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Table 2: b Values

Bead Type Base Diameter b Value
Plastic 5.0cm 1.8241
Plastic 62cm 1.8193
Plastic 8.0cm 1.6785
Glass 49cm 2.6746
Glass 6.3cm 2.1257
Glass 8.1cm 2.2047

D. Results and Conclusions

Figures 6-11 are the graphs obtained for the six variations in bead and base types.
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Figure 6: Graph of b-Curve tor Plastic Beads with 5.0 cm Base
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Figure 8: Graph of b-Curve for Plastic Beads with 8.0 cm Base
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Figure 9: Graph of b-Curve for Glass Beads with 4.9 cm Base

y= ~-27293 +2.1257x R"2=0.816

-3 T T v T

0.0 0.2 04 06 08 1.0 1.2
LogofE
Figure 10: Graph of b-Curve for Glass Beads with 6.3 cm Base
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Figure 11: b Value Curve for Glass Beads with 8.1 cm Base

The fact that the graphs are straight lines with slope b is evidence that self-organized
criticality does indeed occur in the system.

Physicists Per Bak and Kan Chen have done extensive research on self-organized criticality,
and have determined b for three dimensional systems to be around 1.5.

If we arrange the trials in order of the accuracy of their b values, we can learn something
about the systems we used. The smaller the particle with respect to the base, the closer the
experimental value was to the accepted value.

This is to be expected for several reasons. Firstly, self-organized criticality is meant to
describe large systems. The larger the base with respect to the diameter of the beads and
the more beads involved, the larger the system is overall. The larger the system, the better it
exhibits sell-organized ciiticality.

Also, in a more practical sense, the larger the particle with respect to the base size, the
bumpier the slope of the pile. More of a “critical staircase” is formed than a critical slope, and
the particles are hindered by mere size from their normal course of action.

VI. Chaos

Chaos is a phenomenon best described as an order that arises spontaneously within the
unpredictability of even the simplest of systems.
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A. Purpose

The main goal in studying the behavior of granular systems is to find a pattern in the
ostensibly random series of avalanches. Certainly avalanches are affected by other
avalanches in the system, but the specific relationship between them remains a mystery.

B. Hypothesis

It is hypothesized that avalanches, like earthquakes and clouds, are scaling phenomena.
This means that their characteristic random size distribution over time does not vary as they
are observed on different scales.2

The theory of self-orgainized criticality states that a system will evolve into a critical state at
which many catastrophes can occur. In the bead system, the pile of beads formed grows
until it reaches a critical slope, at which the addition of even one more bead can trigger an
avalanche of any size. The size of the avalanche usually follows some basic rutes, but it can
and does diverge from them without warning. One general rule is that a series of small
avalanches will be followed by a large avalanche or a set of avalanches. In addition, a large
reaction will be followed by a period of litile activity, during which the pile is rebuiit and some
small reactions occur. Because the avalanches behave erratically but follow some basic
rules, the system is chaotic. However, the chaos exhibited is weak, not full. As stated by Per
Bak and Kan Chen in “"Self-Organized Ciriticality,” "Fully chaotic systems are characterized by
a time scale beyond which it is impossible to make predictions. Weakly chaotic systems lack
such a time scale and so allow long-term predictions.”

C. Findings

After graphing the resuits of our experiment, we studied them for any signs of chaotic
behavior. In the graphs of the sizes of the avalanches appear a phenomenon known as
“scaling.”" Parts of the graph appear, in smaller form, within the originat graph. This occurs
within the smaller graph, too, so the scaling theoretically occurs to an infinitely smal scale. in
our graphs, some sections appear to repeat themselves, but to determine where exactly this
occurs is difficult because of the inaccuracy in the data. Figures 12 and 13 on the following
page show the buildup of beads by small avalanches that leads to large avalanches: thisis
one long-term prediction allowed by the weak chaos in the system.

D. Conclusions

The system of dropping beads one at a time onto a pile and recording the sizes of
avalanches which occur demonstrates self-organized criticality in granular systems, which is
directly related to weak chaos. While short-term, specific predictions about what happens in
the system are impossible, long-term predictions about general behavior are quite possible.
It was determined that the hypothesis about a buildup of beads or a series of short
avalanches leading to a catastrophical reaction is generally true and that Bak and Chen's
ideas about weak chaos in self-organized critical systems is also true.
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Figure 12: Chaotic Behavior in Run of Glass Beads with 8.1 cm Base
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Figure 13: Chaotic Behavior in Run of Glass Beads with 8.1 cm Base
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